CELLULAR AND QUASIHEREDITARY STRUCTURES OF 
GENERALIZED QUANTIZED SCHUR ALGEBRAS 

STEPHEN DOTY AND ANTHONY GIAQUINTO 



Abstract. We give a new proof that generalized quantized Schur algebras are 
cellular and their specializations (with respect to the Lusztig integral form) are 
quasihereditary over any field of characteristic zero. The proof is independent 
of the theory of quantum groups, and in particular does not depend on the 
existence of the canonical basis, in contrast with the earlier proof. 



Introduction 

The main objective of this paper is to study generalized quantized Schur algebras 
(generalized g-Schur algebras for short) by means of their idempotent presentation 
(see [m [171 IIS] ) • Earlier papers studied these algebras via a descent from the 
associated quantized enveloping algebra. This paper adopts the opposite view- 
point, taking the presentations as the starting point. The authors wanted to see 
how much of the structure of these algebras could be derived solely from their 
defining presentation. Cellularity (see [27]) and quasihereditariness (see [5t [TO]) 
are important structural properties of finite dimensional algebras much studied 
in recent years, especially for many finite dimensional algebras that arise in Lie 
theory. In |15] the cellularity of Lusztig's integral form of a generalized (;-Schur 
algebra and its quasihereditariness in specializations over a field were established 
by means of Lusztig's refined Peter- Weyl theorem (see Chapter 29 of [44J), which 
depends on properties of the canonical basis. The approach given here is much 
more elementary, and is independent of the theory of quantum groups, although 
we do use Weyl's theorem for semisimple Lie algebras at one point (in the proof 
of Theorem 16. 2p . Our approach is in some sense similar to that of Dipper and 
James |8], who used the centralizer algebra description of the (7-Schur algebra as 
the starting point for their investigation. 

Our main results are Theorems 16.91 and 17.81 which establish the cellularity of 
the rational and integral forms respectively, and Theorem 17. 131 which establishes 
the quasihereditariness of specializations in fields of characteristic zero and char- 
acterizes the simple representations as heads of the corresponding cell modules. 
Assuming that bases of the cell modules have been determined, a cellular basis 
of the algebra is obtained by gluing each basis and its dual along the idempotent 
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indexed by the highest weight. The cehular bases so obtained are new, even in 
Type A. 

The generaUzed Schur algebras S'(vr) were introduced by Donkin [TTl [121 US], 
extending from type A to arbitrary type some of the results of Green's monograph 
p8] . About the same time, the g-Schur algebras in type A were introduced by 
Dipper and James [SI [9] (see also Jimbo [36]). Their properties were intensively 
studied in the nineties; see e.g. |Ml[25l[2l|2ll[22l[23l[l5l|3ai3ll[6l[26l[Il 
Il6] and they continue to attract attention [351 El H]- The generalized g-Schur 
algebras Sq(7r) of this paper are ^-deformations of Donkin's generalized Schur 
algebras; they include the g-Schur algebras in type A as a special case. In general, 
Sq(7r) depends on a root datum, a saturated set vr of dominant weights, and a 
parameter q ^ in the ground field. In this generality, their rational form S(7r) 
first appeared in §29.2 of Lusztig's book 03], where they are denoted by U/U[P]. 
The presentation of the rational form S(-7r) which forms the starting point for this 
paper was obtained in [15] in general, extending earlier results in [IT] for type A. 
The specializations Sg(7r) were first studied in ^15j; see also |2 ^ [T8 l [T9 l H7] . 

One source of inspiration for this paper was the classic work of Beilinson, 
Lusztig, and MacPherson [T] which gave a geometric construction of the g-Schur 
algebras of type A and used them to study the quantized enveloping algebra 
Ug(0[„). The results of this paper provide a way to study representations of 
an arbitrary quantized enveloping algebra (of finite type) through the family 
{Sq(7r): vr C X+ finite saturated} of finite dimensional algebras associated with 
its underlying root datum. Since the tensor product of a left Sg(7r)-module V with 
a left Sg(7r')-module V (where vr, vr' are finite saturated subsets of X^) is natu- 
rally a left Sg(7r V 7r')-module, where vrVvr' is the smallest saturated subset of 
containing vr + vr', nothing is lost by this transition. Another source of inspiration 
was provided by the closely related papers of J. A. Green [29] and Woodcock [38] . 
which established the first cellular basis (the codeterminant basis) for the Schur 
algebra of type A and gave a combinatorial straightening algorithm for rewriting 
an arbitrary codeterminant in terms of standard ones. The results of this paper 
rely on a similar, but more general, straightening procedure which is developed 
in Section [21 This is new even in type A. 

The paper is organized as follows. Section [H defines the rational form (over the 
field Q{v) of rational functions in an indeteminate v) of the generalized (7-Schur 
algebra S(7r), shows that it has a "triangular" decomposition, and that it is finite 
dimensional. Section [2l establishes straightening procedures that lead to a refined 
triangular decomposition. In Section [3] we develop a highest weight theory for 
finite dimensional representations of S(7r). After examining the rank one case in 
detail in Section HI we immediately apply it in Section [5] to derive the quantum 
Serre relations from our defining presentation. This prepares the way for the 
study of higher ranks, which is carried out in Sections [6] and \7\ 
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Section [6.101 provides an algorithm for computing a cellular basis for S(7r). For 
each A G TT, one chooses a basis {61a: b € 7a} of the left ideal S(7rA)lA, where 
tta is the set of dominant weights dominated by A. Then {b'lxb* : b,b' 7a} is a 
basis for the two-sided ideal S(7rA)lAS(7rA), and this basis can be lifted uniquely 
to S(7r) by means of a certain isomorphism. Then 

UxeAb'ixb*:b,b'eTx} 

is a cellular basis of the rational form S(-7r) over Q(f). There are no choices 
involved except for the choice of basis of each left ideal S(7rA)lA- Section F7. Ill dis- 
cusses an integral version: U A = Q[v, v~^] and one chooses an A-basis {61a : 6 G 
7^'} of each left ideal AS(7rA)lA then the resulting union 

Uxen {b'lxb* ■.b,b'eT^ 

is a cellular ^-basis of the integral form aSI^ta); this leads to a corresponding 
cellular basis of Sg(7r) by change of scalars. 

While our main results are obtained for the quantum case, the methods also 
apply to the "classical" case; i.e., the original generalized Schur algebras S'(vr) as 
defined by Donkin. This is briefly sketched in Section [HI In that case, the main 
results are valid over fields of arbitrary characteristic. 

We thank R. Rouquier for pointing out that the quantum Serre relations follow 
from the defining relations. Rouquier directed our attention to Corollary 4.3.2 in 
[3] and Proposition B.l in [39]. However, we do not need those results — in fact 
Section [5] of this paper contains a new proof of them. The authors would also 
like to thank the referee of a previous version of the paper for useful suggestions 
which led to substantial improvements in the exposition. 

1. The GENERALIZED (/-SCHUR ALGEBRA S = S(7r) 

We define (see II. 6p the rational form of the algebra S(7r) by generators and re- 
lations, over the ground field Q(f ) where v is an indeterminate. The definition 
depends on a chosen root datum and a saturated set vr of dominant weights. 

1.1. A Cartan datum (J, ■) is a finite set / and an integer- valued symmetric 
bilinear form (z/, u') i— > v-v' on the free abelian group ZJ generated by I, satisfying: 

(a) i ■ z G {2, 4, 6, . . . } for any i G I; 

(b) 2U G {0, -1, -2, . . . } for any i^j in I. 

We assume throughout this paper that the Cartan datum is of finite type, i.e., the 
symmetric matrix (i ■ j) indexed by I x I is positive definite. This is equivalent 
to the requirement that the Weyl group W (see §2.1.1 in [44j for a definition) 
associated to (I, •) is finite. 
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1.2. We assume given a root datum (X, n,X^,n'^) of type (/,•), satisfying the 
axioms: 

(a) X, are finitely generated free abelian groups connected by a bilinear 
pairing ( , ) : x X ^ Z, such that the map /i i— )• (/i, ) from X^ into the dual 
Hom^(X, Z) is an isomorphism. 

(b) n = {aj : i G /}, 11^ = {a^ : « € /} are finite subsets of X, X^ respec- 
tively, called the sets of simple roots and coroots. 

(c) (a,v, oj) =2|f for alH,j Gl. 

These properties imply that the SQuare matrix (^aij^ij^zj defined by CLij — 
{a'i , otj) is a symmetrizable generalized Cartan matrix. 

We put di := ^ for each i £ I. Then the matrix {diaij)ij^j is symmetric. 
The vector [di)i<^i is known as the symmetrizing vector; we have all = 1 in the 
simply-laced case. 

1.3. The reductive finite dimensional Lie algebra g attached to the given root 
datum is the Lie algebra over Q generated by elements e^, {i G /) and h G X"^ 
subject to the relations: 

(a) [/i,/i']=0; 

(b) [eijj]= Sijol; 

(c) [h,ei] = {h, ai)ei, [hji] = -{h, ai)fi; 

(d) (adei)i-'^-(e,) = 0, (ad (/,) = (for i / j) 

holding for all i,j I and all h, h' G X^. This Lie algebra (actually, its semisimple 
part g = the Lie subalgebra generated by all Cj, /», hi := [cj, fi] = a^, for i G /) 
will be needed only in the proof of Theorem 16.21 



1.4. We have a partial order > on X (the dominance order) defined by A > ;U if 
and only if A — ;U = Yliei "^ioz-i where the rii for all i. We write \\> fi if X> /j, 
and X ^ fi. We write fi <\ (respectively, < A) if A > /U (resp., A > /i). Recall 
that the set X+ of dominant weights is defined by 

X+ = {A G X: (a,^. A) ^ 0, all i G /}. 

We say that a set vr of dominant weights is saturated if vr contains all dominant 
predecessors of its elements; i.e., if /i' < /U for fj! G X+ and G vr implies that 
/i' G vr. 



1.5. Let Q(w) be the field of rational functions in an indeterminate v. For a G Z, 
t G N we set 

-a+s— 1 



n 



=1 
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By 1.3.1(d) in [Sj this is an element of v For any integer n we set 



n 



V — v~ 



and if n ^ we set [n]- = [1] • • • [n — 1] [n] (with [0]' defined to be 1 as usual). 
Then it follows that 

ii 



for all ^ t ^ a. 



We set Vi = v'^' for each i ^ I, where = ^ as in ll.2i More generally, given any 
rational function P € Q(f ) we let Pi denote the rational function obtained from 
P by replacing v hy Vi. In particular, this convention applies to the notations [n]j, 
[n]l,and [?]^. 

1.6. We now define our main objects of study. Fix a root datum and let vr 
be a given finite saturated subset of the poset X+ of dominant weights. The 
generalized g-Schur algebra S(7r) associated to vr is the associative algebra (with 
1) over Q{v) given by generators Ei,Fi {i € /) and 1a (A € W-k) subject to the 
relations: 

(a) 1a V = (5a^1a, Hx&wn = 1; 

(b) E,F, - F,E, = T.xew.M^ A)]aA; 

(c) Eilx = Ix+aiEi, IxEi = lx-a,Ei, Filx = Ix-aiFi, IxFi = Filx+ai 

for any A,^ € Wit, and i,j (z I where in the right hand side of relations (c) we 
stipulate that lx±ai = whenever A ± ^ Wir. 

Prom the definition it is clear that for any saturated subset vr' C vr there is a 
natural surjective algebra morphism 

Pny- S(7r) S(7r') 

sending generators Ei i-^ Ei, Fi i— > Fi and sending 1a i-^ 1a if A G Wtt' , 1a i-^ 
otherwise. 

Occasionally in the sequel we will consider expressions involving the symbol l^ 
for various fi X. We adopt the convention that in any formulas involving the 
notation 1^ holding in some given S(7r), the symbol 1^ will be interpreted as 
whenever fj. ^ Wn. 

1.7. There is a unique Q(v)-linear algebra anti-involution * on S determined by 
the properties: 

(a) (xy)* = y*x* for all x,y £S, 

(b) E*=F„ F* = Ei, i; = l^foranyze/, ^e^- 
This is easily verified using the defining relations 11.61 

Recall that the longest element wq of W interchanges the positive and negative 
roots, and thus —wq induces a permutation on the set of simple roots. Given 
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a saturated subset vr of X+ we have another saturated subset n' = —'Wo{Tr) of 
. It follows immediately from the defining relations 11.61 that there is a unique 
algebra isomorphism co = uj^^: S(7r) S(7r') such that 

(c) uj{Ei) = Fi, uj{Fi) = E„ uj{l^) = for alH G /, ^ G X. 
Note that vr" = vr and thus the inverse of ajj^ is cj^' . 

1.8. Until further notice we fix vr and write S for S(7r). We introduce the quan- 
tized divided powers 

pW _ rp{a) _ £±_ 

Hi Hi 

for i G /, a ^ 0. (For a < we set f}"'^ = ^ = 0.) 

The following consequences of the defining relations will be needed later. Note 
that the sums in parts (b) and (c) below are finite. 

1.9. Lemma. Let S = S(7r). For any a,b ^ 0, /j, €z Wit, the following identities 
hold in S: 

(a) E^^\^ = l^+QQ-E'l"'' ; -F/^"*!^ = lfj,-ba,Ff^ 

(b) E^Ff^l, = E,,o r'^^^^Ft'^^-''^, 

(c) Fl'^E^h, = E,,o r-'^-f^- ^Ef^Ft'h,. 

We leave the argument to the reader. Identity (a) is an obvious consequence of 
relation 11.6( c) and the definition of quantized divided powers in 11.81 One proves 

(b) by an elementary double induction argument. Identity (c) can be proved by 
a similar argument, or one may use the algebra isomorphism Ut^i (see I1.7P taking 
S(7r') onto S(7r), where vr' = —wq{'i:). By applying w^/ to identity (b) for the 
algebra S(7r'), interchanging a and 6, and replacing — by /i, one obtains identity 

(c) for the algebra S(7r). 

1.10. The orthogonal idempotent decomposition of the identity given in defining 
relation ll.6r a) implies that if M is a left S-module and if is a right S-module 
then there are direct sum decompositions of the form 

(a) M = e^g^^l^M; N = ®^^^^Nl^. 

We call l^M and A^l^ left and right weight spaces of M and A^, respectively, and 
refer to the above decompositions as left and right weight space decompositions. 
Furthermore, if M is a S-bimodule then we have a finer direct sum decomposition 
of the form 

(b) M = e^,^'gH/.v^^v- 

We call the subspaces l^Ml^/ in this decomposition biweight spaces. Elements of 
Iju-Ml^/ are said to have biweight (/u,^'). In particular, S itself is a S-bimodule 
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under left and right multiplication, so S has a direct sum decomposition: 

Put Zn = Ijai C X (the root lattice) . We have another direct sum decompo- 
sition 

defined by the requirements: S^^Sj^' C Sj^+i,/, Ei € Sq. , Fj € S_q,. , and 1^ G 
So- Combining ([d]) with the biweight space decomposition (jcj) we have the finer 
decomposition 

(e) S = 0j^^^^^, l^Siyl^/. 

It is easy to see that in this decomposition l^Sjyl^/ = unless fi — n' = v. 

1.11. Let S"*" (respectively, S~) be the Q(u)-subalgebra of S generated by the Ei 
(resp., the Fi) for i £ I. Let be the Q(u)-subalgebra of S generated by the 1^ 
for G Wn; clearly = e;,^^^. Q(t;)lA. 

We will refer to the following result as the triangular decomposition of S. 

1.12. Lemma. Let S = S(7r). We have S = S^S'^S^. The same equality holds if 
the three factors on the right hand side are permuted in any order. 

Proof. By the defining relations in 11.61 the algebra S is spanned by elements of 
the form 

(a) P = Xi ■ ■ ■ XmX^ 

where xi, . . . G {Ei,Fi: i € /} and fi E Wtt. We note that in any such 
product, the idempotent 1^ may be commuted to appear in any desired position 
in the product, at the expense of replacing /i by some other weight fi' . For an 
element Pq in the form (a) let d{Po) be the number of pairs such that 

^ ^ j ^ j' ^ rn and xj € {Ei : i G I}, Xj' G {Fi : i £ I}. We claim that Pq can 
be rewritten as a finite Q(f )-linear combination of elements of the form (jaj) for 
which d = 0. This is proved by induction on d, using the following consequences 
of the defining relations ILOf b) : 

(b) E,Fj = FjE, {i / j); EiFil^ = FiEil^ + [(a/, 

Thus it follows that all elements of S can be expressed as linear combinations 
of products P of the form (jaj) with d{P) = 0. Since elements of the form (jaj) 
with d = have all occurrences of Fj appearing before any Ei, it follows that 
S = S~S"'"S''. To get the equality S = S+S^S'^ just repeat the argument with the 
£"s and -F's interchanged. Finally, in any product of the form (jaj) with d{P) = 
we can use relation ILSt c) to commute the idempotent to the left of all the EiS 
and the right of all the -Fj's, so we obtain the equality S = S~S''S"^. The other 
variations are obtained similarly. □ 
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1.13. Corollary. Let S = S(7r). Suppose A is maximal in ir, with respect to 
the dominance order > (i.e., n \> \ implies n ^ it). Then Six = S~'l\ and 
1aS = 1aS+. 

Proof. Since A is maximal, it follows from defining relations ll.6f c) that Eilx = 
for any z G /, so S+1a = Q{v)lx. Clearly S'^Ia = Q{v)lx, so the first equality 
follows from the triangular decomposition S = S^S'^S+. The proof of the second 
equality is similar. □ 

1.14. Let P be the submonoid of the root lattice ZII consisting of all integral 
linear combinations f with coefficients i^i ^ 0. Then 

(^) S^ = ©!/eP^!^' ^ =©;/epS-j/ 

where for any v = - ViUi G P, is the Q(f )-subspace of S"*" spanned by all 
monomials of the form Ei^Ei^ ■ ■ ■ Ei^ such that, for each i £ I, the number of 
occurrences of i in the sequence ^1,^2, . . . ,v is and similarly, Sl^ is the Q{v)- 
subspace of spanned by all monomials of the form Fi^ ■ ■ ■ Fi^Fi^ such that, 
for each i £ I, the number of occurrences of i in the sequence ii,i2, ■ ■ ■ ,ir is I'i. 
Obviously and Sl^ are finite dimensional over Q(u), for each v £ P. 

Let /* be the set of finite sequences i? = (zi, . . . , i^) of elements of / (including 
the empty sequence e). For each sequence B = (ii, ^2, . . . , v) in the set /* we 
define 

(b) Eb = Ei^Ei^ ■ ■ ■ Ei^ ; Fb = Fi^ ■ ■ ■ Fi^Fi^ 

and we define E^ = F^ = 1. Note that by definition F^ = Eb for all B £ I* . This 
notation is used extensively throughout the paper. 

1.15. Lemma. For any finite saturated subset ir of the algebra S = S(7r) is 
finite dimensional overQ{v). 

Proof. By the triangular decomposition, S = S~S'^S^, so there is a spanning set 
for S consisting of all elements of the form FbI^E^/j where fi G Wn and B,D G /*. 
Here Fb G and Eb) G S^, for appropriate v, v' G P. For v sufficiently large 
Fb acts as zero on all 1^ for ^ G H^vr, hence acts as zero on 1 = ^ 1^, hence is 
equal to zero in S. Similarly, for v sufficiently large Eb, is zero as well, for similar 
reasons. Thus there are only finitely many nonzero summands in [TTTDjaj) , and the 
result follows. □ 

Note that the above argument also shows that the generators Ei and Fi {i G /) 
are nilpotent. 
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1.16. The notion of a cellular algebra was introduced by Graham and Lehrer 
in [27] . This is an algebra defined in terms of an explicit basis (called a cellular 
basis) and an anti-involution *, satisfying certain combinatorial properties. In 
[40 1 Definition 3.2], (see also [41', Definition 2.2]) Konig and Xi gave an equivalent, 
basis-free, definition of cellularity as follows. 

Definition (Konig and Xi). Let S be an A-algebra, where j4 is a commutative 
ring with identity. Assume there is an anti-automorphism x x* on S with 
X** = X, for all X (z S. A two-sided ideal J in 5" is called a cell ideal if J* = J 
and there exists a left ideal A C J, finitely generated and free over A, and an 
isomorphism of S'-bimodules o" : J — ?> A 0a A* making the diagram 

J A ®A A* 
J A ® A A* 

commutative. The algebra S (with the anti-involution *) is called cellular if there 
is an ^-module decomposition 5 = S'^SS'g©- • •©5'^ (for some m) with (S'j)* = S'^ 
for each j and such that setting Sj = S[®- ■ - Q) S'j gives a chain of two-sided ideals 
of S: = 5o C 5i C ^2 C • • • C Sm = S (each of them fixed by *) and for each 
J (j = 1, • • • , m), the quotient S'j = Sj/Sj-i is a cell ideal (with respect to the 
anti-involution induced by * on the quotient) of S/Sj-i. 

This will be used to prove the cellularity of the algebra S = S(7r) for any finite 
saturated vr. We begin this task in the next section. (In [30], the authors assume 
that the underlying ring ^ is a commutative noetherian integral domain; however, 
that assumption is not used in the proof of equivalence of their definition with 
that of Graham and Lehrer.) 

Although the above definition is basis-free, any algebra S satisfying it has a 
cellular basis in the sense of the the original definition given in [27J. We recall 
the argument from [iQ]. Let J be a cell ideal in S. Choose any ^-basis {Ct} of 
A and denote by Ct,u the inverse image under a of Ct 'Si C^. Then {Ct,u} is 
a cellular basis (in the sense of [27|) of the ideal J. Induction (on the length of 
the defining cell chain {Sj} of S) provides a cellular basis of S/J. Then choosing 
any preimages of those basis elements in S, along with the basis of J as above, 
produces a cellular basis of the algebra S. 

2. Straightening 

It follows from the triangular decomposition that every element of S = S(7r) can 
be expressed as a linear combination of elements of S~1^S"'" for various fi S Wn. 
We will now refine this observation to obtain a filtration of the algebra S by a 
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sequence of two-sided ideals. Eventually, this filtration will be proved to be a 
defining cell chain in S, in the sense of Konig and Xi. 

An element A of vr is maximal in vr (with respect to >) if there does not exist 
any A' G tt such that A'>A. Fix some maximal element A G vr and set vr' = vr — {A}; 
note that vr' is saturated. Put S' = S(7r'). From [L6] we have a natural quotient 
map Ptt^-k' : S — > S'. It follows from comparing the defining presentations for S 
and S' that the kernel of this quotient map is the two-sided ideal of S generated 
by all idempotents of the form 1i„(a) where w € W . In fact, this ideal is generated 
by the single idempotent 1^, as we now show. 

2.1. Lemma. Let S = S(7r). Let X be a maximal element in tt, and set vr' = vr — 
{A}. Then the natural quotient map S — )• S' := S(7r') has kernel Sl^S = S^l^S^. 

Proof. Comparing the defining presentations for S and S' observe that the kernel 
of the natural quotient map S — > S' is generated by the set of idempotents of the 
form l^(^x-^ for w G W. Clearly, the ideal Sl^S is contained in the kernel. On the 
other hand, we claim that Lemma 11.91 implies that each 1^(;^) (for any w € W) 
lies within Sl^S, which gives the opposite inclusion and proves that the kernel is 
equal to Sl^S. 

It remains to prove the claim. This is done by induction on the length of w. If 
w = Si is a simple refiection then by putting fi = Sj(A) and setting a = b = {a( , A) 
in part (iii) of Lemma 11.91 we see that 

^s,{X) - ls,(A) 

since Filg.(^x^ = because the weight Sj(A) is extremal in Wtt in the Ui direction. 



Since E\"'\g.(^X) = -E-f^^lA-aai = by part (i) of Lemma [L9t we obtain the 

equality 



which proves the claim in case w = Si has length 1. 

Now let w (zW have length at least 2, and assume the claim for elements of W 
of length strictly less than the length of w. We may write w in the form w = Siw' 
for some w' G W such that £{w') < £{w). By induction 1^/(a) € Sl^S. Now take 
p = if(A) and set a = 6 = (a^, ^^'(A)) in part (iii) of Lemma [L9l Similar to the 
above, we get 

since w{\) is extremal in the direction. Then again by part (i) of Lemma 11.91 
we have E^fh^^x) = E^fh^, (X)^aa, = lt«'(A)£^i"\ so 

Since 1^/(a) G SIaS it follows that lyj(^x) ^ Sl^S, as desired. This proves the 
claim, and thus the validity of the first description of the kernel. 
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From the triangular decomposition S = S+S^S" it follows that SlxS = S~^1\S~ , 
for any maximal element A G tt, since the subspaces S'^'Ia = S'^Ia = IaS*^ = IaS"*" 
are one dimensional, spanned by 1a • This completes the proof. □ 

2.2. From the preceding proof it follows that, for a maximal element A G tt, 

each 1^(A) is expressible by a specific formula in terms of 1a . In fact, if w = 
SirSi^_i • • • Si-^ is a reduced expression loic w € W in terms of simple reflections Si 
{i G /) then we have inductively that 

where for each j = 1, . . . , r we have aj = {a(. , Si._^ ■ ■ ■ (A)) . 

2.3. Let vr be a finite saturated subset of . A subset $ of vr will be said to 
be cosaturated in vr if $ is successor-closed; i.e., for any /x G $ and A G vr the 
inequality A > /x implies that A G 

An example of a cosaturated subset of tt is the set 7r[>A] of all in tt such that 
/U ^ A, for each fixed A G vr. Also, the set 7r[l>A] of all in vr such that [> A is 
cosaturated, for each fixed A G vr. If A is maximal in tt then 7r[>A] = {A}. Also, 
a singleton subset $ = {A} of tt is cosaturated if and only if A is maximal in tt. 

It is easy to see that every cosaturated subset of tt is a union of sets of the form 
7r[[>A] for various A G tt. Also, the empty set and the set tt itself are cosaturated 
subsets of TT. 

We note that for a given subset $ of vr, where tt is a saturated set, the set 
theoretic difference tt — $ is saturated if and only if $ is cosaturated. It follows 
that the cosaturated subsets of tt are all of the form $ = tt — tt', for tt' a saturated 
subset of TT. 

The basic building blocks of our filtration will be the *-invariant subspaces of 
the form S~1^S+, for /x G tt. For any subset $ of tt we put 

S[ci>] = ^8-1^8+ 

regarded as a subspace of S; this is also *-invariant. Whenever C $ we have 
S[<5'] c 8[$]. 

As particular cases of this notation, we will write 8[>A] short for S[$] in the 
case $ = 7r[>A] and similarly write S[>A] short for S[$'] in the case = 7r[>A]. 

2.4. Lemma. Let S = S(7r). For each fixed A G tt the *-invariant subspaces 

S[>A] = Y.,>x s-1mS+; S[>A] = E^^A 8-1^8+ 

are two-sided ideals ofS. We have S[>A] C S[>A] and S[>X] C 8[>A'] whenever 
A > A'. Moreover, for any j, r we have, modulo terms in S[l>A] 

(a) Ej -Fi,... Fi^ 1a = E [K ' ^ " ^s,r)]jFi, ■ ■ ■ Fi^_,Fi^^, ■ ■ ■ F^^ 1a 
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and 

(b) IxEi^ ■■■E,,-Fj = Y. A - -/s,r)]jlxE.„. ■ ■ ■ Ei^^,E,^_, ■ ■ ■ E,, 

where ^s,r '■= otis+i + ■ ■ ■ + oUr- (I''^ both sums s varies from 1 to r.) 

Proof. The proof is by a double induction. First assume that A is maximal in tt. 
We establish (a) in case r = 1. From the defining relations 11.61 it follows that 

EjFdx = Sj^FiEjlx + [(aj, X)]jlx) 

for any i,j € /. Since Ejl\ = Ix^a Ej and since A is maximal, it follows that 

EjEdx = Sj,i{Filx+a,E, + [(aJ, A)],-1a) = 6,4{a^ , A)],-1a 

which proves (a) in the case r = 1 and A is maximal. (Note that S[>A] = for 
maximal A.) Assuming now that (a) holds for A maximal and for all words in the 
Fi of length at most r, we have 

Ej-F,, . . . Fi,.^,lx = {F,,E, + 5,,, [(aJ, A - 7i,r+i)]i)i^i2 • • • Fir+^x 

= Fi^Ej -Fi^--- Fi^^^x + '^i,n[(aj, A - 7i,r+i)]jFi2 ' ' ' ^v+i^A- 

Expanding the sub-expression Ej ■ Fi^ ■ ■ ■ Fi^^^ Ix appearing in the first term of 
the last equality above by the inductive hypothesis, we obtain (a) in case A is 
maximal. Now (b) follows in this case by applying the anti- involution * to (a). 

Still assuming that A is maximal in vr, let u = Fi^ . . . Fi^lxEj^ . . . Ej^ € S[>A]. 
Then it follows from (a) and (b) that Ej ■ u ^ S[>A] and u ■ Fj G S[>A] for any 
j € /. It follows from the defining relations 11.61 that Fj ■ u,l^ ■ u € S[^A] and 
u ■ Ej, u • 1^ G S[>A] for any j G I, ;U € vr. Thus S[>A] is a two-sided ideal of S. 

Now we fix some A which is not maximal, and assume that all assertions have 
been established for all A' > A. Then S[^A'] and S[[>A'] are two-sided ideals 
for every A' [> A. Thus S[l>A] = X]a'c.a A'] is a subring of S. Furthermore, 
given any s G S[l>A] there exist sy G S[>A'] such that s = '^x'>x^>''- Thus 
as = X^A'^a'^'^A' G S[[>A] and sa = J2x'>x^>^"^ ^ S[l>A], and S[l>A] is a two-sided 
ideal of S. 

We can now repeat the induction on r in the first paragraph of the proof to 
obtain (a) for A, modulo terms in S[[>A], and then obtain (b) by applying the 
anti-involution *. It then follows from (a) and (b) that S[>A] is a two-sided ideal 
of S, and the proof is complete. □ 

2.5. Corollary. Let ^ be a cosaturated subset of tt. Then the subspace S[$] = 
^^g^S^l^S"*" is a ^-invariant two-sided ideal of S. Furthermore, this ideal is 
the kernel of the natural quotient map S(7r) S(7r — 

Proof. Let min(<^) denote the set of elements of <I> which are minimal with respect 
to the dominance order; i.e., the set of elements fi (z ^ for which there do not 
exist any ^u' G <I> with /i' <\ fj,. Since ^ is cosaturated, ^ = U^emin($) A*] 
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thus S[<I>] = Ylf_iemm(^) A*]- Since the hnear sum of a collection of ideals is an 
ideal, the proof of the first claim is complete. 

It remains to prove the second claim. We proceed by induction on the cardi- 
nality of the cosaturated set $ = vr — vr'. The case where $ = {A} is the base 
case of the induction, proved in Lemma 12.11 So suppose that $ has at least two 
elements, and pick a maximal element A of We have the following sequence of 
natural quotient maps: 

S(7r) ^ S(7r - {A}) ^ S(^ - $) 

where vr — <I> = vr' is a saturated subset of the saturated set vr — {A}. By the 
inductive hypothesis, the kernel of the second map S(7r — {A}) — )• S(7r — $) is 
S(7r-{A})[^'-{A}]. By LemmaEH the kernel of the first map S(7r) ^S(7r-{A}) 
is S(7r) [{A}]. The result follows. □ 

2.6. Fix vr and put S = S(7r). Since S[[>/i] and S[>^] are two-sided ideals of S and 
S[l>/u] C S[>/x], it follows that the quotient space S[>;u]/S[[>/i] is for each fi £ n 
an S-bimodule. These bimodules will be used later to study the representation 
theory of S. 

More generally, if <I>, <!>' are cosaturated subsets of vr with <I) C then the 
quotient space S [<!>'] /S[$] is an S-bimodule. 

For /U G vr, consider the natural quotient map Pn,TT-'^ : S ^ S' where $ = vr[l>/Li] 
and S' = S(7r — The kernel of this map is the ideal S[[>/i] and S' ~ S/S[>/i]. 
The weight /i is maximal in the saturated set vr — so it follows that the formula 
in 12.21 holds with fj, in place of A, modulo terms in the kernel S[(>^]. To be 
precise, if w = Si^Si^_^ ■ ■ ■ is a reduced expression iox w in terms of simple 
reflections {i G /) then we have 

V / ^{m) ir ir — 1 il ^ il ir—l ir 

modulo S where aj = (ce^, , Si._-^ ■ ■ ■ Si^(^)), for each j = 1, . . . ,r. 

This gives a refinement of the triangular decomposition in Lemma 11.121 From 
the equality S = 8^8*^8^" we know that the algebra 8 is spanned by products of 
the form F^l^i?/) where fi ranges over the set Wtt and B,D G I* (notation of 
I1.14p . The previous analysis shows that in fact 8 is spanned by the set of such 
elements where /i ranges over just the dominant weights in the set Wn. We have 
thus proved the following result. 

2.7. Proposition (Refined triangular decomposition). For any finite saturated 
set IT, the algebra 8 = 8(vr) is spanned by products of the form FbI^^Ed, where n 
ranges over the set vr and B,D are in I*. 

Saturated subsets of vr parametrize Schur algebra homomorphic images of 8 = 
8(vr) while cosaturated subsets of vr parametrize kernels of such homomorphisms. 
Now we use the cosaturated subsets of vr to study filtrations of the algebra 8. 
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2.8. Definition. Fix a finite saturated subset vr of . A flag of cosaturated 
subsets of vr is a collection {^'j}^Q of cosaturated subsets of vr such that 

(a) = $0 C «>i C • • • C ^m-i C = ^; 

(b) <5j — ^j-i is a singleton set, say {Aj}, for all j = 1, . . . , m. 

Necessarily, m is equal to the cardinality |7r| of the set vr and the sequence 
Ai,A2,...,Am is compatible with the dominance order in the following sense: 
Aj > Aj implies i < j. 

Evidently, given any finite saturated vr C we can always find a flag of 
cosaturated subsets of vr. This can be done inductively, starting by picking a 
maximal element Ai of vr, then picking a maximal element A2 of the saturated 
set vr — {Ai}, and so on. Then = {Ai, . . . , Aj} for all j, and \j is a maximal 
element of vr — 

Fixing some chosen flag {^jlJ^Q of cosaturated subsets of vr, we put Sj = S[$j] 
for each j = 0, 1, . . . , m. We would like to prove that the filtration 

(c) {0} = So C Si C • • • C S,„_i C S,„ = S 

is a defining cell chain of the algebra S = S(vr), in the sense of Konig and Xi (see 
I1.16p . For this, we need a subspace S^- of Sj such that (S^)* = S^ and 

Sj = Sj_i Sj- for each j = 1, . . . , m. 

The main problem here is that, although we do have the equality 

s, = S[f,] = E.^, S-1A.S+ = S,„i + (S-1a,S+) 

for all J, it is easy to find examples showing that this sum is not direct in gen- 
eral. However, as we shall see, if S~1aj S^ is replaced by the (in general) smaller 
subspace consisting of the span of those monomials which do not map to zero 
under the canonical quotient map S S/Sj_i, then we do obtain a direct sum 
as desired. 

2.9. Definition. For each j = 1, . . . , m put vrj = {Aj, . . . , Am}- Then vr^ is satu- 
rated for each j, and vri = vr. For each j we define Uj € S by 

Obviously Uj, being a sum of pairwise orthogonal idempotents, is itself an idem- 
potent in S, for each j. 

Notice that ui = 1 is the identity in S = S(vr) and in general the image of Uj 
under the canonical quotient map S — )■ S/Sj_i ~ S(vrj) is the identity element of 
that algebra. 

2.10. Proposition. Putting S^- = UjS^l\.S^Uj we have the vector space de- 
composition Sj = Sj_i + Sj, for all j = 1, . . . ,m. In consequence we have 
Sj = S'l + ■ ■ ■ + S'j for all j. Furthermore, (S^)* = S^ for all j. 
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Proof. Only the first claim needs proof, as the second and third claims are clear. 
For convenience of notation, we put Qj = S~l\jS^. Then by definition, Sj = 
Sj_i + Qj. Since 1 = Uj + {1 — Uj) is an orthogonal decomposition of the identity, 
we have a vector space direct sum decomposition 

Qj = UjQjUj © UjQj{l — Uj) © (1 — Uj)QjUj © (1 — Uj)Qj{l — Uj) 

in which the first summand is S^-. Let Rj be the direct sum of the last three 
summands above, so that Qj = © Rj. The space Qj is spanned by monomials 
of the form Fb^x Ed where B, D are sequences in /*. The biweight (see ll.lO]) of 
such a monomial has the form {fJ,, fi') where 

fi = Xj — wt{B); fi' = Xj — wt{D) 

where we define wt{B) = ai- for B = (ii,i2, . . .) G I*. It follows that both 
Xj ^ /^, Xj > fi' and 

FbIxjEd G Sj if and only if both fi, fi' G Wnj. 

Now suppose that fi ^ WiTj. If ^ G then Xj ^ fi implies fj, G vTj, which is a 
contradiction. So n ^ X+. Thus we can write fi = w{fj.'^) for some 1 ^ w £ W 
where /i"*" G X+ Pi is the unique dominant weight in the Weyl group orbit Wfi. 
Note that both w and are uniquely determined by /i. Now clearly /i+ ^ tTj and 
thus we must have = Xi for some i < j. By the commutation relations ILGt c) 
we have Fb^x^Eq = I^FbEb,. Since 1^ G Sj by the formula in 12.61 and since 
Si is an ideal it follows that Fb^XjEd = ^^EbEo G Sj, and from the inclusion 
Si C Sj_i it follows that FbIxjEb G Sj-i. 

If ^i' ^ W-Kj then by a similar argument it follows that FbIxjEd G Sj-i. 

From the preceding two paragraphs it follows that Rj C Sj_i, as Rj is spanned 
by monomials as above of biweight (fi, fi') such that fi or fi' is not in WiTj. Since by 
definition Sj = Sj^i + Qj and Qj = S'j_^®Rj, it follows that Sj = Sj_i + Sj. □ 

2.11. Remarks, (a) Notice that from the definitions it follows that the subspace 
S'^ (at the bottom of the filtration) satisfies S'^ = Si = S^Ia^S^ = SIa^S. 

(b) Put X = Xj. From the last sentence of II. 101 it follows that in the preceding 
proposition the idempotent Uj may be replaced by ux = YIimgw-kx -'^M' where tta is 
the set of all A' G X"*" such that A' < A. Note that ux is independent of the chosen 
flag of cosaturated subsets of vr. 

The following is the main result of this section. We retain all the notation 
already introduced. 

2.12. Proposition. Let it be a finite saturated subset of and put S = S(7r). 
With S'- = UjS^lxjS^Uj as above, we have the vector space decomposition Sj = 
Sj-i © S^-, for all j = 1, . . . , m. Thus Sj = S'^ © • • • © S^- for all j. 
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Proof. Put A = Xj as above. By Remark I2.1ir b) we have S^- = n^S IxS^uj = 
uxS-lxS+ux. With VTA = {A' G X+: A' < A} we have ux = E^,eWn^ 1^- % the 
preceding proposition Sj = Sj-i + S^. We only need to show that this sum is 
direct, equivalently, that S^- n Sj_i = (0). 

Since vr^ C vr we have a natural algebra quotient map px'- S ^ S{'irx); this is 
Ptt,tt), in the notation of ll.6l This map carries the quotient space S^/(S^- nSj_i) ~ 
{Sj-i + S'j)/Sj-i = Sj/Sj_i isomorphically onto the subspace S(7rA)lAS(7rA) = 
S(7rA)~lAS(7rA)^ of S(7rA). Hence dimS^- ^ dimS(7rA)~lAS(7rA)''', with equality 
equivalent to the desired result. 

We may regard the subspace S(7rA)~lAS(7rA)^ as the free vector space with 
basis {FbIxEd ■ B,D £ I*} subject to all linear relations among those monomials 
which are consequences of the defining relations for S(7rA). Now we compare 
with the subspace S^- = uaS~1aS"'"ma- The effect of multiplying on the left and 
right by ux is the same as the effect of imposing additional relations which say 
that all 1^ = for /i ^ Wttx- This implies that all linear relations holding 
among the generators of the subspace S(7rA)lAS(7rA) which are consequences of 
the defining relations of S(7rA) must hold also in the subspace S^-. So we may regard 
S^- = uaS^IaS^ua as the free vector space with basis {uxFbIxEdux : B, D £ I*} 
subject to at least the "same" linear relations that define S(7rA)~lAS(7rA)^. 

This implies that there is a vector space quotient map from S(7rA)^lAS(7rA)''" 
onto S^- = maS~1aS"'"«a. Thus, dimS^- ^ dimS(7rA)~lAS(7rA)~'". Combining this 
with the opposite inequality proved earlier in the argument, we see that dimS^- = 
dim S(7rA)~lAS(7rA)'*', so S^- n Sj_i = (0), as desired. □ 

2.13. Remarks, (a) It follows that and S(7rA)~lAS(7rA)''' are isomorphic as 
vector spaces. In particular, this implies that the subspace is independent of 
the choice of flag of cosaturated subsets of it used to define the filtration. The 
argument shows that S^- depends only on vr and the weight A = Xj in vr; we can 
take S'j = UAS~lAS+iiA, with ux as in l2.1ir b). 

(b) More generally, given any pair <I> C of cosaturated subsets of vr, the 
quotient space S [$'] / S [$] depends only on the set theoretic difference $' — $ and 
not on $ or ^>'. This quotient space is an S-bimodule. 

3. Highest weight representations 

Now we consider the representation theory of the algebra S = S(7r), for a given 
finite saturated set tt of dominant weights. 

3.1. Suppose that M is a left S-module. As already discussed in ll.ior a). M has 
a direct sum decomposition 

(a) M = e„g^^l^M. 
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We call this the weight space decomposition of M and call the subspace l^M a 
weight space of weight ^u. Elements of the weight space l^M are called weight 
vectors of weight /U. This terminology can be justified by introducing, for any 
h € X^, the elements 

(b) Ky, = Y.,^^^v^^^^)l^. 

These elements of S act semisimply on any S-module M, and act as the scalar 
y{h, ^A weight space l^M. 

From relations 11.6( c) , (a) it follows that for any i E / we have inclusions 

(c) E,{l^M) C l^+^M- Fiil^M) C V,,M 

for fi € Wit. So acting by Ei increases the weight by and acting by Fi decreases 
the weight by a^. We also have 

(d) V(1^M) = V,1^M 
for any ^, /u' E Wn. 

3.2. Definition. Let M be a given S-module. If A in Wn has the property that 
IxM 7^ but l^M = for all /i > A, then we say that A is a highest weight of M 
and we call any nonzero element of IxM a highest weight vector. If 7^ xq G M is 
a weight vector such that Ei ■ xq = for every i I, then xq is called a maximal 
vector of M. 

A highest weight vector is also a maximal vector. If M 7^ is a finite dimen- 
sional S-module then M has at least one highest weight vector, because there are 
only finitely many weights in Af. It follows that M has a maximal vector. We 
wish to study the submodules of M which are generated by a chosen maximal 
vector. 

3.3. Lemma. Let S = S(7r). Let xq be a maximal vector of weight X in a finite 
dimensional left S-module M , and put V = Sxq. Then: 

(a) V is the Q{v)-span of elements of the form Fi^Fi^ ■ ■ ■ Fi^XQ for various finite 
sequences {ii, . . . ,ir) (including the empty sequence) in L* . 

(b) // l^jV ^ then ^<X, so xq is a highest weight vector of V . 

(c) dimQ(„) IxV = 1. 

(d) V is indecomposable, with a unique maximal submodule and a corresponding 
unique simple quotient. 

Proof. Part (a) follows from the triangular decomposition, which implies that 
V = S~xo. Part (b) follows from part (a), part (c) is obvious, and to get part 
(d), let V be the sum of all proper submodules and note that V' ^ V since no 
proper submodule contains xq. □ 
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3.4. Corollary. Let S = S(7r). Any simple left S-module has a unique highest 
weight vector xq, up to scalar multiple. 

Proof. Suppose that M is a simple left S-module. By the general theory of finite 
dimensional algebras over a field, M is finite dimensional, since it appears as the 
top composition factor of some direct summand of the regular representation. 
Thus the simple S-module M must have a highest weight vector, which must also 
be a maximal vector. Any maximal vector necessarily generates M since M is 
simple. Suppose that there are two highest weight vectors, respectively of weight 
A and A'. Then by part (b) of Lemma 13.31 we must have A' < A and A < A', so 
A = A'. Then part (c) of Lemma 13.31 forces the two highest weight vectors to be 
proportional, and the proof is complete. □ 

As another corollary of Lemma 13.31 we show that highest weight simple mod- 
ules are uniquely determined by their highest weight. This is important for the 
classification of the simple S-modules, which will be completed later. 

3.5. Corollary. Let S = S(7r). Let L,L' be two simple left S-modules, each of 
highest weight A, for some A E vr. Then L is isomorphic to L' . 

Proof. (Compare with the proof of Theorem A of §20.3 in [33].) Let M = L(B L' . 
Suppose that i/q, are maximal vectors in L, L' respectively. The left weight of 
both yo and is A. Put xq = {yo^y'^). Then xq is a maximal vector in M, of left 
weight A. Let be the submodule of M generated by xq. Lemma [3.31 implies that 
has a unique simple quotient. But the natural projections N ^ L, N ^ L' are 
S-module epimorphisms, so L ~ L', as desired. □ 

3.6. We now construct some highest weight modules, indexed by the set vr. Let us 
fix some A G vr. By Lemma [2^ we have the two-sided ideals S[>A] D S[[>A] of S. 
Thus we have a natural S-bimodule structure on the quotient space S[>A]/S[l>A]. 
Put Xq := Ix + S[|>A]. This is a highest weight vector, hence also a maximal 
vector, for the left S-module structure of S[>A]/S[l>A]. We put 

(a) = left S-submodule of S[>A]/S[t>A] generated by xq. 

Similarly, the vector xq is a highest weight vector for the right S-module structure 
on S[^A]/S[>A], and we put 

(b) A(A)* = right S-submodule of S[>A]/S[l>A] generated by xq. 

We note that the vector xq is also a maximal vector for the right S-module struc- 
ture, in the sense that it is killed by all Fj for i £ L. Both A (A) and A (A)* are 
highest weight modules for S. Eventually we will show that these highest weight 
modules are simple modules for the algebra S, but at the moment all we can 
say is that they have unique simple quotients. These simple quotients are simple 
modules of highest weight A, for each A € vr. 
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In case A is maximal in vr, we have S[[>A] = (0). In this special case, S[>A] = 
SIaS = S-1aS+ and the modules A(A) = SIa = S^Ia and A(A)* = IaS = 1aS+ 
are just the left and right ideals generated by Ia- 

3.7. An important fact about the modules A(A) and A(A)* is that they are 
independent of vr, up to isomorphism, in the following sense. Given any finite 
saturated sets vr, vr' of dominant weights containing A, we set S = S(vr) and S' = 
S(vr'). Then the left S-module sA(A) and the left S'-module §/ A(A) constructed as 
above are isomorphic as vector spaces; furthermore, the isomorphism is compatible 
with the natural quotient maps S — > S(vrA), S' — S(vrA). Similar statements apply 
to the right S-module A(A)g and the right S'-module A(A)g/. 

This can be seen as follows. Let vrA be the set of dominant weights A' such that 
A' < A. Since vrA is contained in both vr and vr', there are natural quotient maps 
S S(vrA), S' S(vrA). These quotient maps induce isomorphisms of S'^(A) and 
S'A(A) onto the left ideal S(vrA)lA- Similarly, they induce isomorphisms of A(A)g 
and A(A)g/ onto the right ideal lAS(vrA). Note that the left and right ideals may 
be regarded as left and right modules for both algebras S and S' by means of the 
quotient maps from those algebras onto S(vrA). 

This argument also shows that the highest weight modules A(A), A(A)* may 
always be constructed as left and right ideals in some generalized g-Schur algebra. 
Furthermore, the algebra S(vrA) is the unique smallest generalized g-Schur algebra 
in which such a construction can take place. 



4. The rank one case 

We turn now to the case where the root datum (see ll.2p has rank 1, so we assume 
that / = {i} is a singleton and X = X"^ = Z, with Oj = 2 and = 1. Domi- 
nant weights are just nonnegative integers, and a set vr of nonnegative integers is 
saturated if and only if n € vr and n — 2 ^ implies that n — 2 E vr. Any subset 
of 2Z of the form 2Z Ci [0, x] is saturated, as is any subset of 2Z + 1 of the form 
(2Z + 1) n [0, x], where x is a positive real number and [0, x] is the closed interval 
in the real line M with the given endpoints. In general, a subset of Z is saturated 
if and only if it is a union of such subsets. 

We wish to classify the simple representations of S = S(vr) in the rank one 
case. This prepares the way for the classification of simple representations in 
higher ranks. 

Fix a finite saturated subset vr of X+ = {0, 1, 2, . . . }, and set S = S(vr). Recall 
that for any n G vr, A(n) is the left submodule of S[>n]/S[[>n] generated by 
xq = In + S[l>n], while A(n)* is the right submodule generated by xq. 
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4.1. Lemma. Let n £ ir. Put xt = -F/*^ • xq € A(n) and x'^ = xq ■ € A(n)*, 
for t ^ 0. For t < put xt = x'^ = 0. Then xt = = for all t > n, and 
furthermore 

(a) Fi-xt=[t+ l]i xt+i, Ei-xt=[n-{t- 1% xt-i 

(b) x[-Ei = [t + l],x[^^, x't-Fi = [n-{t-l)]ix't_^ 

for t = 0, 1, . . . , n. Thus {xq, . . . , x„} is a basis for A(n) and {x'q, . . . , x^} is a 
basis for A{n)* , and both A(n) and A(n)* are simple S-modules. 

Proof We have • F^^h^ = [t + l]iFj;^^^hn for all i ^ by definition of the 
quantized divided powers. This gives the first formula in (a). If t > n then 

F^^hn = ln-2tFj;^^ by[L6{c), and by[M^a) it follows that ln-2tFj;^^ G S[>A] and 
hence that xt = 0. From Lemma 11.91 and the defining relations 11.61 we have 

E., ■ F^'hn = FPln+2Ei + [n-{t- l)]iF^'-^hn 

for all t ^ 0. This implies the second formula in (a). The elements xq, . . . , Xm have 
distinct left weights, so they are linearly independent. They clearly span A(n), 
and hence form a basis of A(n). The formulas in (a) then imply that A(n) is 
generated, as an S-module, by any one of its basis elements xt, for any ^ t ^ m. 
Thus A(n) is a simple module. 

The formulas in (b) can be proved by applying the anti-involution * to the 
formulas in (a), and the rest of the claims about A(n)* follow by similar argu- 
ments. □ 

4.2. Lemma. The natural map A(n)(g)A(n)* S[>n]/S[[>n], defined by sending 
X (8> x' to xx' , is surjective. 

Proof This is clear, since S[^n]/S[l>n] is spanned by the set of cosets of the form 
F('')1„£;(") + S[>n] such that a,b^O. □ 

At this point we have a simple left S-module A(n) for each n G vr. We can 
now prove our main result of this section, which classifies the simple modules and 
shows that the algebra S is semisimple. 

4.3. Proposition. In the rank one case, the algebra S = S(7r) is semisimple, and 
a complete set of isomorphism classes of simple S-modules is given by {A(n): n G 
tt}. 

Proof. By Lemma [4. 2 1 and Proposition 12.12] (see also Remarks 12. 13p it follows that 
dimS = ^dimS[>n]/S[>n] ^ ^(dimA(n))2 

(all dimensions are over Q{v)). On the other hand, since the A(n) are pairwise 
non-isomorphic simple modules (indeed, no two of them have the same highest 
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weight), the standard theory of finite dimensional algebras implies that 

dimS ^ ^(dimA(n))^ 

It follows that 

dimS = ^(dimA(n))2 

and thus that S is semisimple, with simple modules as stated. □ 

4.4. The map A(n) (8> A(n)* — )• S[^n]/S[>n] in Lemma 14.21 is actually an iso- 
morphism of S-bimodules, for each n G vr. If n is maximal in vr this follows 
by observing that the spanning set of nonzero in S-1„S+ is also lin- 
early independent, since the elements have distinct biweights. In general, one can 
project into S(7r„), where 7r„ = {m G vr: m < n}. 

Combined with the results in Section [21 this shows that S satisfies Konig and 
Xi's definition of cellular algebra in 11.161 More precisely, we fix a flag {$j}^o 
of cosaturated subsets of vr, putting Sj = S[$j] for each j. The flag determines 
a complete ordering ni,n2, • • • ,nm of n such that $j = {ni, . . . ,nj} for all j. 
Moreover, we have S,- = S'l ® • • • S'- for each j. Here each S'- = S~l„,S^n'-, 

where u'j = l„j. + l„j._2 H h l-nj+2 + l-n^ • Then the chain of ideals (0) = So C 

Si C • • • C Sm-i C Sm = S is a defining cell chain of S. Furthermore, the set 

(a) 0^a,6^n,} 

is a basis for S^- such that = F^^hn^Ef^ for ah ^ a, 6 ^ Uj. 

(Notice that F^^hn^Ef^ = u'^F^'hn.El''^'- whenever ^ a,6 ^ rij.) It follows 
that the set 

(b) Un^AFf'h^E^^-.Q^a^b^^n} 

is a basis for S over Q(f). It is easy to check that this basis is actually a cellular 
basis, in the sense of Graham and Lehrer [27J. 

4.5. It is interesting to compare the cellular basis of 14.41 to Lusztig's canonical 
basis of U(s[2). Let nGvr. If a + b ^ n then 

i^nE^ - Z^t^O [ t ii^i ^n-2{a+b-t)^i 

This follows from Lemma 11.91 by an easy calculation. This shows that for all 
a + 6 ^ n the element F^'h^E^"^ is equal to the element "'h.^i^^""'^) = 

E^°' ^l-nFj^ ^ modulo terms in S[[>?7-], where a' = n — b, b' = n — a. Note that the 
condition a + 5 ^ n is equivalent to the condition a' + b' ^ n. Thus we obtain a 
different cellular basis of S of the form 

(b) Une. {{Pt^ ^nEt^ :a + b^n}U {E^^^ l^^F^ : a' + b' ^ n}) 
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which has a unitriangular relation with the original basis. Note that the union in 

(b) is not disjoint: when a + b = n we have from (a) the equahty F^^^lnE^^""^ = 

E\''h_nFi''\ The basis in (b) is the same as Lusztig's canonical basis in rank one; 
compare with Prop. 25.3.2 in [44J. 

5. Quantum Serre relations 

Whenever the rank |/| of the underlying root datum is at least 2, certain relations 
among the negative part generators Fj (i G I) must hold in any S(7r), and exactly 
the same relations must hold among the positive part generators Ei {i € I). 
The relations are known as the quantum Serre relations, since they are quantum 
analogues of the usual Serre relations in the universal enveloping algebra of a 
semisimple Lie algebra. They arise in the present context as consequences of the 
defining relations for S(7r). 

5.1. Throughout this section we assume |/| ^2 and fix a finite saturated set 
vr C X'^ , and set S = S(7r). Fix some i £ I. Let vr^*) be the set of all integers 
(a^, A) ^ such that A G Wtt. If ^ n = (aV, A) is in vr^*) then so are 
all nonnegative integers in the set {n,n — 2, ... , — (n — 2), —n}. Thus vr*^*^ is a 
saturated set of nonnegative integers for a rank 1 root datum as considered in 
the preceding section. The Weyl group in this rank 1 situation may be regarded 
as the multiplicative group {—1,1} acting by multiplication and we write zbvr^*) 
short for — tt*-*^ U ir^^\ For any n € ibvr*^*^ we define 

(a) ln= 1^ 

X&Wtt: (o^, X)=n 

regarded as an element of S = S(7r). Let S^*) be the subalgebra of S generated by 
Ei, Fi, and the 1„ (n G ivrW). 

5.2. Proposition. The subalgebra S^*^ is isomorphic to the associative algebra 
with 1 given by the generators Ei, Fi and {1„: n € ibvr^*)} and subject to the 
relations 

(a) Imln = 6m,nln for all m,ne ±7r(*); In = 1; 

(b) E,F, - F,Ei = En6±.(0 Man; 

(c) Eiln = ^n+2Ei, InEi = ln-2Ei, = l„_2Fj, = Fjl„+2 

where in the right hand side of (c) we interpret ln±2 = whenever n±2 ^ ztvr^') . 
Thus, S^*^ is isomorphic to a rank 1 algebra determined by the saturated set vr^*) 
and a rank 1 root datum. 

Proof. Checking that relations (a)-(c) hold in S(*) is trivial from the definitions 
and left to the reader. The fact that these relations hold in S*-*^ implies that S^*^ 
is a homomorphic image of the rank 1 algebra defined by the set vr^'^ and a rank 
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1 root datum. It follows from Proposition 14.31 that S^'^ is semisimple. To finish 
the argument, we need to compare dimensions. For this it is enough to show that 
S*^*) has at least as many simple modules as its rank 1 covering algebra. 

Let n G vr^*-*. By definition of vr^^^ there is some A G Wtt such that n = (a^ , A). 
If A G TT then we may regard A(A) as an S^*^-module by restriction. The generating 
maximal vector xq G A(A) is still maximal for the action of 8*^*^, and hence the 
S'-^^-submodule it generates is a simple module of highest weight n. If A ^ vr 
then there is some A' G tt and some 1 ^ w € W such that A = w{X'). We may 
regard the ideal J = S(7rA')lA'S(7rA') as an S-module via the natural quotient map 
S S{7rx')- The weight A is by assumption on the positive side of the reflecting 
hyperplane for the simple root Qj, so A + ^ Wn and thus the vector 1;^ G J is 
killed by the action of Ei. This implies that the S^^^-submodule of J generated 
by 1a is a simple module of highest weight n. □ 

5.3. We will need to consider the elements = ^xeWn ^'^ (any h G X"^) 
defined in 13.1( b). Observe that Kq = 1 and KhK^i = Kh+h' for any h,h' G X^. 
Consequently Kh is invertible and KJ^^ = K^h- Since Khl\ = v^'^' 1a for any 
A G Wtt it is clear that the Kh act semisimply on any finite dimensional S-module. 

We are particularly interested in the elements Ki = K^^^v , . ^ = K_^.^v for 
our fixed i G I. (See 11.21 for the definition of dj.) We have 

(a) Ki = Exewn 1a ; Ki = Exewn Vi 1a 

and from the defining relations ll.6l fb) and the definition of [n]j in 11.51 we obtain 
the relations 



(b) EiFj - F.jEi = 5, 



Vi - V: 



(c) K.E.ii;' = - -^^E, ■ k,f,k;' = v;^^' "^^f, 

which hold in the algebra S = S(7r), for any j G /. From (a) and the definition of 
the Ifi we also have 

(d) ^rin; Ki'= E ^r"in; 

this shows that S^*) is generated by the four elements Ei, Fi, Ki, Ki^ . A simple 
direct calculation shows that for each n G tt^*) we have 



(e) ln= n 



Ki - 



This is needed in the proof of the following alternative presentation of the algebra 
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5.4. Proposition. The algebra S^'^ is isomorphic to the associative algebra with 
1 given by the generators Ei, Fi, Ki, and subject to the relations 

(a) K,^-^ = 1; EiFi - FiE^ = ; 

(b) KiEji'^ = vfEi; KiFiKi^ = y-^Fa 

(c) Une±.i^) (K, - <) = 0. 

Proof. Let S^*^ be the algebra given by the presentation in Proposition 15.2^ and 
let Z be the algebra given by the presentation of the current proposition. Define 
an algebra map if) from S^*^ ^ Z by sending Ei to -Ej, Fi to Fj, and 1^ to 

rimgiTrC*): m^n vi-J^ " ^^^"^ check that the elements V(-E'j)) "0(^0) and V'(ln) for 
n € ivr^*) satisfy the defining relations (a)~(c) in 15. 2i 

On the other hand, define an algebra map ■0' from Z — )• 8^*^ by sending Ei 
to Ei, Fi to Fi, Ki to fj" In, and i^j to X]nG±7r(») !«• Verify that 

the elements ip'{Ei), tp'{Fi), ip^Ki), tp'{Ki ) satisfy the defining relations (a)-(c) 
given above. The result follows. □ 

5.5. From [5^ d) we have Kiln = vfln for each n € ibvr^*^ From this it follows 
easily that if M is an arbitrary S^*)-module then 

(a) InM = {x e M: KiX = x}. 

Thus, we can define weight vectors of weight n in an S^*^ -module M as elements 
X £ M which are fixed under left multiplication by 1„, or equivalently as eigen- 
vectors for the operator Ki belonging to the eigenvalue vf. 

Now we define Q(f)-linear endomorphisms adKi, adK^ ^, ad Ei, and ad Fi of 
the algebra S = S(7r) by the rules: 

(b) {adKi)x = K^xK~^ ; {adKi^)x = Ki\Ki 

(c) (ad Ei)x = EiX - (KixK;^)Ei ; (ad Fi)x = {FiX - xFi)Ki. 

for any x € S, where the products on the right hand side of each equation take 
place in the algebra S. We claim that these endomorphisms satisfy the defining 
relations of 8^*^ given in Proposition 15.41 This is verified by direct calculation, 
left to the reader. It follows that these endomorphisms define an 8*^*^-module 
structure on the algebra 8 = 8(7r). 

5.6. Now we can derive the quantum Serre relations. Taking x = Ej for j ^ i, 
we have from l5.5l fb). (c) and the relations I5.3l fbl. (c) that 

(a) {adKi) Ej = vf' ' ^ Ej ; {ad Fi)Ej = 0. 
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Prom this it follows that Ej is a lowest weight vector of weight aij = (a-^, aj) for 
the adjoint action of S^^\ 

The classification of rank 1 representations worked out in Section [J] tells us that 
the S^*^-submodule of S generated by Ej is isomorphic to A(— ajj). In particular, 
(ad Ei)~"'^i Ej is a highest weight vector in the module, and thus 

(b) {adEi)^-'''^Ej = 0. 

On the other hand, one can show by an easy induction on r that for any r we 
have 

r 

(c) {adEjE,=Y,{-l) 

This leads to the following result. 

5.7. Theorem. Let the root datum be of rank at least 2. Let vr be an arbitrary 
finite saturated subset of and let S = S(7r). For any i,j & L with i ^ j the 
quantum Serre relations 

l—aij 

(a) J2 (-1)' 

s=0 
l—aij 

(b) ^ (-1)^ 

s=0 

hold in the algebra S, where aij = (a^, Uj). 

Proof. To get (a) we put r = 1 — a^j and combine 15.6( b) and (c). To get (b), we 
let tt' = —wq{'k) and consider the algebra isomorphism a;,^' defined in 11.71 which 
takes S(7r') isomorphically onto S(7r) and interchanges Ej with Fj for all j G /. 
When the isomorphism is applied to relation (a) above, which holds in the algebra 
S(7r'), we obtain the relation (b) in the algebra S(7r). □ 

6. The general case 

Now we return to the case of a general root datum. We put S = S(7r) where 
vr is a finite saturated subset of . We have already shown the existence and 
uniqueness (up to isomorphism) of simple modules of highest weight A, for each 
A G vr. First we finish the classification of the simple S-modules, by showing that 
there are no others besides the ones constructed thus far. Then we show that 
S is cellular. The argument is nearly self-contained, but we do need two well 
known facts from the representation theory of complex semisimple Lie algebras: 
the classification of the finite dimensional simple modules, and Weyl's theorem 
on complete reducibility. 



ET 



'E,Et 



e] 'EjEt = 0; 



F,Ff 
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Given any fixed i € /, let 8^*^ be the rank 1 subalgebra (see lS.ip of S generated 
by Ei, Fi along with all 1„ for n € zb7r^*\ 

6.1. Proposition. Let S = S(7r). If M is a simple left S-module then the weight 
of a highest weight vector must be some dominant weight A G tt, and thus M is 
isomorphic to the simple quotient o/A(A). 

Proof Let xq be a highest weight vector, of weight some A G Wtt. For each i G I 
we restrict the action of S on Af to the rank 1 subalgebra S*-*^. Then xq is an 
S*-*^ -maximal vector of weight n = (a^, A), so by Lemma 13.31 the S^^-'-submodule 
it generates has a unique simple quotient. By Proposition 14. 3| S^*^ is a semisimple 
algebra, so in fact that submodule is already simple as a S^^-'-module, and thus 
n = (a^. A) ^ 0. Since this holds for each i E /, we have shown that A is a 
dominant weight. In other words, A € Wir = it, as desired. □ 

This result completes the classification of the simple S-modules. For each 
A G TT, there is a unique (up to isomorphism) simple S-module, which appears as 
the unique simple quotient of A (A), and this gives a complete set of isomorphism 
classes of simple S-modules. 

Next, we use a deformation type of argument to show that in fact the A (A) for 
A G vr are all simple. The argument uses the specialization v 1 in the complex 
field C. Specialization is considered in a more general context in Section [71 

6.2. Theorem. Let S = S(7r). If X is a maximal element in it (with respect to the 
partial order <) then the left ideal A (A) = SIa is a simple S-module of highest 
weight A. The formal character o/A(A) is given by Weyl's character formula. 

Proof (Similar to Sections 5.12-5.15 of [M].) Put A = q[v,v-^]. Let L(A) be the 
simple quotient of A(A). Clearly L{X) is generated by a highest weight vector of 
weight A. Throughout the following argument, we let V be either A(A) or L{X). 
Then V = S~xo where xq is a maximal vector in V, so V is the Q(t')-linear span 
of elements of the form FbXq for various sequences B = {ii, . . . ,ir) in I* . Write 
wt{B) = , as in the proof of Proposition [2T0l Let aV be the ^S-submodule 

of V generated by the maximal vector xq. Then 

aV = AFbXq and AVf, = ^ AFbXq 

B wt(B)=A~^ 

for any fj. G Wtt. As ^-modules, both aV and aV^i are finitely generated and 
torsion free. Hence both aV and aV^i are free of finite rank over A. Clearly 
aV = Ay^l so we get that 
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Now, the natural map Q{v) (a^j) — ^ is surjective, for any n G Wtt, since 
is spanned by ah Fbxq with wt(-B) = \ — ^. (Here we are writing for the 
weight space l^jV in V .) Since A is an integral domain with fraction field Q(f), 
by §7.10 of [2] the natural map Q(f ) (^a {aVu) — > y^^ is injective as well, hence is 
an isomorphism. It follows that a basis for over A is also a basis of over 
Q('u), and thus 

rkA(AV^M) = dimQ(„) (any /i G T^vr). 

We claim now that the yl-module aV is stable under the action of the Ej, Fj, 
and 1^ for any j € I and any G VFvr. This is obvious in the case of the Fj and 
1^, since 

Fj{FBXo) G Va and I^(-FbXo) = FBl^+„t{B)Xo 
is zero if /U + wt(-B) ^ A and is FbXq if /U + wt(i?) = A. Moreover, for the Ej we 
have by the defining relations 11.61 (b), (c) that 

EjFB = Ej{Fi^---Fi,xo) 

l^a^r;ia=j iJ,€Wn 

and the claim follows by the preceding remarks and the fact that [(aj, fj,)]j G A 
for any /i G lyvr, j G I. 

Now there is a unique homomorphism (/9 of Q-algebras mapping A = Q[v, v~^] 
to C and satisfying ip{v) = 1. Regard C as an A-module via f, and put 

V = C^a{aV) and Vf, = C(^AUyt^) 
for any /i G Wn. Then we have the direct sum decomposition V = 0^ V^, where 
each Vfj_ is a complex vector space with 

dime = vkAiAV^) = dimQ(^) V^. 

The actions of Ei, Fi, and 1^ on Va yield linear endomorphisms of V that we 
denote by Cj, fi, and t^. We put 

for any i G I. 

We claim that the endomorphisms ei,fi,hi satisfy Serre's presentation for the 
finite dimensional semisimple Lie algebra q (see ll.Sp defined by the Cartan datum. 
Since the idempotent linear operators tx commute and are pairwise orthogonal, 
it follows that hi commutes with hj; thus 

[hi, hj] = 0, any i,i G I. 

We have Lp{[a]i) = [a]y=i = a for any integer a and any i G /, so from defining 
relations ll.Gf b) for the algebra S = S(-7r) we have 

[ei, fj] = Sij Y^^^wMl^ = hi- 
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Recalling the convention that 1^ = for any fi ^ Wtt we put also = for any 
fi ^ Wtt. Then we can write hi = Ylfiexi^t^ ^)^^^ (which is still a finite sum) 
and by defining relation 11.6( c) we have 

and by replacing by /i — aj in the second sum we obtain 
[h^,ej] = E^ex(«i^' - E^Gx(«i^' " 

where we have used the second part of relation ll.6l fa) to get the last line. A 
similar calculation proves that 

Finally, we have 

for any integers a, n with n ^ 0. Thus the quantum Serre relations in Theorem 
15.71 imply that 

E = (i / j) 

s=0 

where Ojj = (q^, Oj). Thus the claim is proved. 

Now let Xj, j/i, /ij [i € /) be a Chevalley system of generators for the Lie algebra 
0. Then by the claim of the preceding paragraph it follows that the map g 0^(^) 
given by Xi ^ ei, Ui ^ fi, hi ^ hi is a homomorphism of Lie algebras, so F is a 
g-module. 

All of the preceding discussion applies equally well to ^ = L{X) or V = A(A) = 
Six- In either case we now see easily that V is a simple g-module of highest 
weight A. This follows from Weyl's theorem on complete reducibility of finite 
dimensional representations of semisimple Lie algebras, which implies that V is 
completely reducible, and the observation that V is (in both cases under consid- 
eration) generated by a maximal vector, and hence has a unique simple quotient. 

It follows that the weight space dimensions in V are given by Weyl's character 
formula, in both cases V = L{X) and V = A(A). In particular, this shows that 

dimQ(^) L(A) = dimQ(^) A(A). 
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Since L{X) is a homomorphic image of A(A), it follows that L(X) = A(A) and we 
have obtained the result. □ 

Note that it follows immediately from the preceding theorem that IaS"*" = 
(S^Ia)* is a simple right ideal in S, for any maximal element A in vr. 

6.3. Corollary. For any A € vr, the modules A(A) and A(A)* are simple as left 
and right S-modules. The formal character o/A(A) is given by Weyl's character 
formula, for each A € vr. 

Proof. This follows from the theorem by 13. 7i The theorem shows the result holds 
in S{ttx), where tta = {/i G : // < A}. Then the independence statement in 13.71 
shows that s(7r)A(A) ~ s(7r;,)A(A). □ 

Now that we know the A(A) are simple modules, we are ready to prove that 
the algebra S is semisimple. 

6.4. Proposition. The algebra S = S(7r) is semisimple, and a complete set of 
isomorphism classes of simple S-modules is given by {A(A) : A G vr}. 

Proof. The proof is essentially the same as the proof of Proposition 14.31 By 
Lemma 14.21 and Proposition 12.121 (see also Remarks 12. 13p it follows that 

dimS = ^dimS[>A]/S[>A] ^(dimA(A))2 

Ae-TT AGtt 

where all dimensions are over Q(u). On the other hand, since the A(A) are 
pairwise non- isomorphic simple modules (indeed, no two of them has the same 
highest weight), the standard theory of finite dimensional algebras implies that 

dimS ^ ^(dimA(A))2. 

AStt 

It follows that 

dimS = ^(dimA(A))2 

AGtt 

and thus that S is semisimple, with simple modules as stated. □ 

6.5. It remains to show that S is a cellular algebra. We utilize the anti- involution 
* in order to define a bilinear forrrQ on A(^), for any fi in vr. Put xq = 1^ + S[>/i] 
in the left S-module M = S[>/u]/S[l>/^]. By definition, A(/u) is the left submodule 
generated by xq. This submodule is spanned by elements of the form FbXq, where 
B ^ I* . If Fdxq is another such element then 

(a) {FdT ■ {Fbxo) e V-„t(B)+wt(D)A(/i). 

^One might prefer to define a bilinear pairing between A{fi) and A(/^)* instead. 
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Thus it follows that 

(b) • {Fbxo) = V(Fz))*Fb1^ + S[>^l] e VA(/.) 

is zero unless wi[B) = wt(-D). It follows that in either case there must be some 
scalar cb,d £ Q.{v) (necessarily zero if wt(i?) ^ wt{D)) such that 

(c) V(Fz))*Fb1^ = CB,B 1m (modS[>/i]). 

Now the promised bilinear form y?^ : A(/i) x A(//) — t- Q(u) is defined by setting 

(d) (pf,{FBXo,FnXo) = cb,d 

and extending bilinearly. We immediately record the following important proper- 
ties of the bilinear form. 

6.6. Lemma. Let ^ € vr. For any x,y A(//) we have: 

(a) ip^{x,y) = ipf,{y,x); 

(b) ip^{ux,y) = ipf^{x,u*y), for any n G S. 

Proof. Applying the anti-involution * to equation 16. St fcj) proves that cb,d = cd,b 
and the assertion in part (a) follows. Part (b) follows from the calculation 

V (Fd)* uFb 1^ = 1^ {FdY u** Fb V = 1^ K^d)* Fb V 
which holds modulo S[^/i]. □ 

The preceding lemma implies that the radical of the bilinear form, given by 

ladif^ = {x G A(//): (p^ix,y) = 0, for all y G A(/u)}, 

is an S-submodule of A(^). Since (/^^(xo, xq) = 1, we see that this submodule is 
proper, hence contained in the module theoretic radical of A(^). By Theorem 
16.21 we conclude that when A G vr is a maximal element, then the radical of (p\ 
must be zero. In other words, the form cp\ is nondegenerate, for any maximal A 
maximal in vr. Then by 13.71 it follows that in fact ip^ is nondegenerate for any 
fj, IT. The nondegeneracy of the bilinear form now gives the following result. 

6.7. Lemma. Let S = S(7r). For any maximal A in it, the natural map Six (^(^(v) 
IaS — ?• Sl^S induced by multiplication is an isomorphism of S-bimodules. 

Proof. The multiplication map m : SIa 0q[v) IaS — >■ Sl^S is clearly a surjective 
homomorphism of S-bimodules, so we only need to prove injectivity. We fix bases 

{x1a:xGS~} and {lAy:yGS+} 

for SIa and IaS, respectively. Then the set of tensors {xIa ® ^xu} is a basis for 
SIa '<Siq{v) IaS, so it suffices to show that the corresponding set of images {xlAy} 
is linearly independent over Qiv). Assume that scalars jx,!/ G Q(f) exist so that 

= J2x,y^x,yXlxy 
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where the sum is taken over the set of pairs (x, y) such that x and y independently 
range over the above basis elements. Let {2;'1a} be the dual basis to {xIa} with 
respect to the bilinear form ipx, defined by the requirement ipx{x'lx, xlx) = ^x,x'- 
Fix some z such that z\x is one of the above basis elements of SIa- Then by 
left multiplication by \x{z'Y we obtain 

= Ex,y 7x,s/ l\{z'Tx\xy = J2x,y ^x,y Sx,zlxy = J2y ^z,y IxV 

and by linear independence of the {Ixy} it follows that 'jz^y = for any y. Since z 
was arbitrary, this proves the desired linear independence, and thus the result. □ 

6.8. Corollary. For any ^ € vr, the natural map A(//)(8)q(„) A(/i)* — )• S[>/i]/S[[>//] 
induced by multiplication is an isomorphism of S-bimodules. 

Proof. By the independence statement in l3.7l it suffices to prove this in the algebra 
S(7r^), in which case it is the preceding result. □ 

6.9. Theorem. For any finite saturated subset vr of , the algebra S = S(7r) 
is cellular with respect to the anti-involution *, with defining cell chain given by 
{S[>fj] : S tt} partially ordered by set inclusion. 

Proof. We follow the approach of Konig and Xi, as discussed in ll.161 We fix some 
flag 

= $0 C $1 C • • • C C = vr 

of cosaturated subsets of vr, and put {Xj} = — ^j-i for all j = 1, . . . ,m. We 
also put Sj = for each j = 0, 1, . . . , m. Then 

= So C Si C • • • C Sm_i C Sm = S 

is a chain of two-sided ideals of S, and by Corollarv 12.51 we have S^ = Sj for all j. 

By Proposition 12.121 we have a vector space decomposition S = S'^ • • • © S^ 
where each (S^)* = S^- and Sj = S'^ © • • • © S^- for all j = 1, . . . , m. To finish, we 
must check that each S^- ~ Sj/Sj_i is a cell ideal in S/Sj_i. Let aj be the inverse 
of the isomorphism in Corollary 16. 8i Then one verifies from the definitions that 
the diagram 

S.-/S,_i ^-^ A(A,) A(A,)* 

S.-/S,-i A(A,) A(A,)* 

is commutative for all j = 1, . . . , m and the result is proved. □ 
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6.10. It is a general fact that the defining cell chain in the preceding result can be 
used to inductively build a cellular basis of the algebra S = S(7r). This is implicit 
in the proof of the equivalence of the Konig and Xi definition of cellularity with the 
original definition of Graham and Lehrer; see the discussion in the last paragraph 
of fTTTUl 

Let us look carefully at the details, since finding cellular bases of S = S(7r) is 
one of the goals of this paper. Fix some A G vr which is maximal with respect to >. 
Then the ideal SIaS = S^1aS+ is a cell ideal in S. Choose any basis {61a : b € 7a} 
of the left ideal A(A) = SIa = S^Ia- Here 7a is an appropriate subset of S~. 
Then {(61a)* = Ixb* : 6 G 73^} is a basis of the right ideal A(A)* = IaS = 1aS+. 
For any pair 6,6' of elements of 7a observe that b'lxb* is the inverse image of 
6' 1a 1a 6* under the isomorphism in Lemma 16.71 Thus 

(a) {6'lA6*:6,6'GrA} 

is a cellular basis of the cell ideal J = SIaS, in the sense of |27j . By induction 
of the length of the defining cell chain we have a cellular basis of the (cellular) 
quotient S/J. Choosing any preimages in S of the cellular basis elements of S/J, 
together with the chosen basis elements of J as above, produces a cellular basis 
of S. 

We wish to say more about the choice of preimages. We claim that there is 
a natural choice of preimages at each step of the induction. This follows from 
results in Section [2j Suppose that a cell chain has been fixed, determined by a 
fiag of cosaturated subsets of vr, as in the proof of Theorem 16.91 We put A = Ai. 
Let n = Xj be one of the weights in vr, such that / A; i.e., j > 1. Then the 
diagram of natural quotient maps 

S -S/(S1aS) 




S(vr^) 

is commutative, where tt^ = {fi' G : fj,' < /i}. Since fi is maximal in the 
saturated set tt^ we can choose a cellular basis {6'1^6* : b,b' G 7^} of the cell ideal 
S(7r^)l^S(7r^) in the algebra S(7r^) by the procedure of the preceding paragraph. 
Then we lift this basis to the subspace S'j = UjS~lfj_S^Uj of S, in the notation of 
Definition 12.91 In fact, by Remark I2.13r a) we have S^- = Uf^S~l^S~^u^ where 
is the sum of all the idempotents indexed by W^vr^. For each element 6' 1^6* in the 
above basis of S(7r^)l^S(7r^), we lift to a corresponding element uxb'l^b*ux of S^-. 
Since the natural quotient map S — > S(7r^) induces a vector space isomorphism 
from S'j onto S(7r^)l^jS(7r^), the element u\b'l^b*u\ is the unique element of S^- 
which maps to b'l^b*. Furthermore, the biweight (see ll.lOp of any monomial 
FbI^mEd in the ideal S(7r^)l^S(7r^) must be a pair (z^, z^') such that v,!^' G Wtt^, 
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and b'lf^b* is a linear combination of such monomials. Since uxlu = 1^ and 
^u'Ux = lu' for any z^, v' G WtTh it follows that 

(b) uxb'l^b*ux = b'l^b* 

in the algebra S. So the isomorphism from onto S(7r^)l^S(7r^) matches up ele- 
ments defined by the "same" expression in terms of the generators, when written 
in the indicated form. 

We can assume by induction that the these "same" choices of pre-images have 
been made in the algebra S/(Sl;vS), for each /Li € vr such that /x 7^ A. Thus it 
follows that 

(c) U,eAb%b*:b,b'er,} 
is a cellular basis of S = S(7r). 

6.11. Remark. Since S(7r^)~ is spanned by the set {Fb ■ B G /*} of monomials in 
the generators Fi {i € /) it is clear that A(/i) = S(7r^)~l^ is spanned by the set of 
nonzero elements of the form FbI^, and thus there must be a basis {bl^ : b G 7^} 
of A(/i) with the property that each 6 G 7^ is a monomial Fb- So we may assume 
that all the sets 7^ in 16.10( c) are subsets of the set {Fb - B G /*} of monomials 
in the Fj. 

7. Specialization 

We now consider integral forms of S(7r) and specialization. Our goal is to study 
A;- forms of S(7r), over an arbitrary field k of characteristic zero, depending on a 
chosen parameter 7^ g G A;. Given any such g, we set A = Q\v,v^^] and regard 
k as an A- algebra by means of the canonical algebra homomorphism A — ?■ fe, 
defined by sending v to q. We continue to fix a saturated subset vr of X+ and put 
S = S(7r) as above. We will define g- versions Sg = Sg(7r) by picking an integral 
lattice aS in S and putting Sq = k (^a (aS). The algebras Sg = Sq(7r) so defined 
are q-deformations of the generalized Schur algebras introduced by Donkin in [llj . 

7.1. According to [21 Chapter 2, §7.10] (see Corollary 2 after Proposition 26): If 
A is any integral domain and Q is its field of fractions, then for any A-submodule 
M of a vector space V over Q the natural map Q^a^ ~^ ^ ( given by J2 CLj®mj 1— )• 
^ ajnij) is injective- 

In the above situation, we note that M is torsion-free over A- Thus, if ^ is a 
principal ideal domain then it follows that M is free as an A-module. 

7.2. Lemma. Let A be an integral domain and Q its field of fractions. Suppose 
that M is an A-submodule ofV, where V is a vector space over Q. 

(a) The natural map Q 'S>a M —?■ V is an isomorphism of vector spaces if and 
only if M contains a subset which spans V over Q. 
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(b) Assume that (a) holds. If in addition M is free over A then any A-basis 
of M must be also a Q -basis of V (so M is a lattice in V). 

Proof, (a) The natural map Q ®a M — >■ 1/ is surjective if and only if M contains 
a subset that spans V over Q. 

(b) Let B be an A-basis of M. By assumption M contains a subset C which 
spans V over Q. But each element of C is expressible as some A- linear combination 
of elements of ^S, so ^ is spanned by B over Q. 

It remains to show that B is linearly independent over Q. Suppose that 

ri6i + r2b2 H h r„6„ = 

in V, for bj € B and rj G Q. Write rj = aj/bj for aj,bj € A with bj ^ 0. 
Multiplying by p = 6i • • • 6„ we obtain an equation 

pribi +pr2b2 H Vprnbn = 

in which the coefficients prj G A. The linear independence of B over A implies 
that prj =0 for all j. Since p 7^ this forces rj = for all j, as desired. □ 

7.3. We wish to apply the preceding lemma in the two situations A = Z[u, v'"^], 
Q\v,v^^\. Both rings Z[f,i;~-'^], Q[u,i'^-'^] are integral domains with field of frac- 
tions but Q[w,f~"'^] is a principal ideal domain while Z[f,u~-'^] is not. When 
working over A = Q\y.,v~'^] we know that any A-submodule M of a given vector 
space over Q_{v) is free over A, and so any A-basis of M is also a Q(v)-basis of 
the given vector space. When working over Z[f,t;~^] that freeness is in question, 
without further work. Until further notice we will write A to mean either of the 
rings Z[u,f~-^] or Q[v,t;~-^]. 

7.4. Fixing a finite saturated subset vr of dominant weights, let aS = aSI^t) be 

the A-submodule of S = S(7r) generated by the quantum divided powers 

e\"''^ (for a ^ 0, i ^ I) along with the 1^ (for fi S Wir). By Lemma [7.2f a) we 
have an algebra isomorphism 

(a) Q{v) {aS) ~ S. 

Let aS~ be the A-subalgebra generated by the f/"^ and be the A-subalgebra 

generated by the E^"'\ Let aS*^ be the A-subalgebra generated by the 1^. By 
Lemma l7.2l fa) we have isomorphisms 

(b) Q{v)^AiAS-)c^S-; Q{v)^a{aS+)c^S+; Q(^;) (aS°) ~ S°. 

The same argument used in the proof of Lemma 11.121 now shows that the 
has the "same" triangular decomposition 



GENERALIZED QUANTIZED SCHUR ALGEBRAS 



35 



as before, in which the factors on the right hand side may be permuted in any 
order. 

From this it follows that, whenever A is a maximal element of tt, the left ideal 
(^S)Ia = (/iS~)1a and similarly for the right ideal lA(yiS) = lA(yiS'*')- Now we 
obtain the following. 

7.5. Proposition. For any cosaturated subset <I> of tt, the A-submodule aS[^] = 
'^f_i£^iAS~)l^{AS^) is a ^-invariant two-sided ideal of a^, CL^d this ideal is the 
kernel of the natural quotient map AS(vr) — )■ aSI^t — ^) (induced by restriction 
from the quotient map S(-7r) — )• S{tt — ^)). 

Proof. This follows by repeating the arguments given in Sections l2.1fl2.51 The only 
commutation identities used in those arguments are those of Lemma 11.91 which 
involves only elements of with coefficients from A (for either ring A = v~^] 
or Q[v,v-'^]). □ 

7.6. If A is maximal in vr the ^-module aJ = (aS^)Ia(aS^) is a two-sided ideal 
of aS. Observe that the multiplication map 

(a) (aS-)1a0a1a(aS+) ^aJ 

is an isomorphism of AS-bimodules. (Clearly this map is surjective; its injectivity 
is clear from the fact that it is the restriction of the injective map from S~1a 'S'Q(^y-) 
1aS+ into J = S-1aS+.) 

If a is the inverse of the above isomorphism and a^ = (aS^)Ia then the 
diagram 

aJ^-(aA) (g)A (aA)* 



(b) 



J^^(aA)®a (aA)* 



is commutative, as before, so aJ is a cell ideal in aS, provided that aA is free 
over A. (This is of course true in case A = Q[w,w^^].) 

7.7. Now fix a flag of cosaturated subsets of tt, put aSj = A^l^j], 

and let Ai, A2, . . . , Am be the corresponding total ordering of tt (such that $j = 
{Ai,...,Aj} for each j). Define the idempotent uj as in 12.91 and put aS'j = 
Uj{AS^)lx^{AS~^)uj for each j. The proof of Proposition 12.101 shows that 

(a) aSj = aS; + • • • + aS'j 

for all j. The linear independence of the subspaces S'^, . . . , S^- over Q(f ) implies 
the linear independence of the ^-submodules a^i, • ■ ■ , aS'j over A. Hence the 
sum in (a) above is direct: 

(b) aSj = as; e • • • e aS'j 
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for all j = 1, . . . , m. In particular, = A^i ® • • • © A^'m- By induction on m we 
now obtain the following result. 

7.8. Theorem. Put A = Q[v,v^^]. The algebra is cellular over A, with 
defining cell chain {^SjiyL]^. 

Proof. Since A is a principal ideal domain and yiA(Ai) = ^S^Ia^ is torsion-free, 
it follows that yiA(Ai) is free as an A- module. (It is clearly finitely generated over 
A.) Then by 17.61 it follows that ^Si is a cell ideal in ^S. 

By induction we may assume that the quotient aS/aSi aSC^t— ^i) is cellular. 
It then follows easily from 17. 7] that is cellular, as for j ^ 2 we have that ^S^- ~ 
aSj / aSj-i (aSj / aSi) / {aSj^i/ A^i) is a cell ideal in the quotient a^/ aSj-i ^ 

Us/^Si)/us,_i/^Si). □ 

7.9. For any A G vr the cell module aA(A) may be defined as the left S-submodule 
of the quotient aS[^A]/aS[|>A] generated by the highest weight vector xq + 
aS[>A]. 

We note that all the ingredients of cellularity over the smaller ring A = Zi[v, 
also hold in the proof of the preceding result, except that we do not know a priori 
that yiA(A) is free over A. If we can establish that freeness by some other means, 
then the preceding argument can be applied to prove cellularity of aS over the 
ring A = Z,[v, v~^]. 

7.10. Remark. In fact, the freeness of ^A(A) over the ring A = Z[u, v~^] is known. 
This can be seen by showing that this module is isomorphic to the A-form of the 
simple highest weight module of the same highest weight A for the quantized 
enveloping algebra U determined by the given root datum, and then applying 
the well known results of Lusztig |42^ [33] and Kashiwara [37\ [38] on canonical 
(crystal) bases. Since the purpose of this paper is to investigate the structure 
of Schur algebras solely in terms of their defining presentation, we choose not to 
pursue this here. 

7.11. From now on we take A = Q[v,v~^]. Theorem 17.81 provides the algebra 
aS with an integral cellular basis, defined over the ring A = Q[v,v~^], as follows. 
For any € vr choose any ^-basis {bl^: b € 7^} of yiA(/i) = yiS(7r^)~l^ in the 
algebra yiS(7r^). Lift the set 7^ to y^S by choosing preimages as discussed in 16.101 
Then 

(a) U,eAb%b*:b,b'eT;^ 

is a cellular basis (over A) of ^S. 

Since cellular structure transfers under change of base ring [27] , it follows that 
for any field k of characteristic and any chosen nonzero element q ^ k that the 
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algebra Sq = k 0a (aS) is cellular, with cellular basis 
(b) U,eA^(^ib%b*)--b,b'€^T;^. 

7.12. We continue with the assumption A = Q[v,v~^]. We may now construct 
the simple S^-modules, following Graham and Lehrer. The bilinear form on 
A(/i) constructed in l6.5l induces by restriction a corresponding bilinear form, which 
we shall denote by AVf^i the integral cell module A^{^J')■ Thus we obtain a 
bilinear form ipfi on the cell module Aq(/i) = k 0a {A^ifJ'))- In general this form 
is no longer nondegenerate. However, by considering the value ipfi{xo,xo) where 
xo is the generating highest weight vector, it is clear that at least the form ipfi ^ 
for each G vr. 

Let radg(/i) be the radical of the form by definition radg(/i) is the set of 
X in such that = for all y G Ag(/i). In (3.2) of [27\ it is proved 

that radg(/i) coincides with the unique maximal submodule of Aq(//), and thus 
the quotient 

(a) Lqi^i) := Ag{n)/Tadg{n) 

is a simple (in fact absolutely simple) Sg-module of highest weight fi. Combining 
(3.4) and (3.10) of [27] we immediately obtain the following, which is the main 
result of this paper. 

7.13. Theorem. For any field k of characteristic zero, any specialization v to a 
nonzero q €z k, and any saturated set tt put Sq = Sg(7r). Then: 

(a) The algebra Sq is quasihereditary with respect to the ordering on simple 
modules induced by the ordering < on ir. The set of standard modules is 
{Aqifi): fieir}. 

(b) The set {Lq{fj,): fi £ tt} is a complete set of isomorphism classes of simple 
Sq-modules. 

Quasihereditary algebras were introduced by Cline, Parshall, and Scott [5]. 
They enjoy very nice homological properties; see e.g., the Appendix of |14j . 

We finish with the following easy application of the cellular structure of Sq. 
The same result should hold in greater generality (for any q which is not a root 
of unity) but the proof of the more general result will require different methods. 

7.14. Corollary. If ^ q & k is transcendental over Q then Lq{fj,) = Ag(/i) for 
each ;U € TT and hence Sq is a semisimple algebra. In particular, in this case any 
finite dimensional Sq-module is completely reducible. 

Proof. Let be the restricted bilinear form on A^{^J)■ Given any pair x,y of 
basis elements the value of (p^{x,y) is an element of A = Q[?;,u~-^]. Thus the 
determinant of is a nonzero element f{v) of Q[w,w~^], and the determinant of 
the corresponding form (/?^ on Ag(/x) is the element f{q) of k obtained by replacing 
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V by q. This is a polynomial in q and q with rational coefficients. Any such 
polynomial must be nonzero since q is transcendental. Hence (in this case) the 
form ifl^ is nondegenerate and Lg{n) = Aq{fj,). Since this holds for every ij, G it, 
by (3.8) of [2^ it follows that is a semisimple algebra, as desired. □ 

8. The classical case 

The definition of S(7r) in 11.61 makes sense if the indeterminate v is set to 1, and 
defines an algebra S{tt) over the ground field Q. This is the rational form of the 
generalized Schur algebras originally introduced by Donkin |1 H 112 1 [13]. 

8.1. To be precise, let vr be a given finite saturated subset of the poset of 
dominant weights. The generalized Schur algebra S{Tr) associated to tt is the 
associative algebra (with 1) over Q given by generators Si, fi {i € /) and 1^ 
(A G W-k) subject to the relations: 

(a) IaV = ^Xfi^X: Eagw/tt 1a = 1; 

(b) eifj - fjCi = Y^xeWTrio^L ^)1a; 

(c) CjIa = lA+a,ei, IxCi = lx-a,ei, fil\ = Ix-aji, '^xfi = fdx+ai 

for any A,^ G Wir, and i,j (z I where in the right hand side of relations (c) we 
stipulate that lA±Oi = whenever A ± ^ Wir. 

8.2. All of our results may be applied to the algebra ^(Tr). This can be shown 
by repeating the arguments already given, under the assumption that v = 1 at 
the outset. The only differences are that quantum integers [a]i are replaced by 
ordinary integers a, quantum factorials [a]'- by ordinary factorials a!, quantum 
binomial coefficients [ . by ordinary binomial coefficients (") , and Ei , Fi are 
replaced by the lower case symbols ei, fi. 

In particular, it follows that the algebra S{7t) is cellular. It has an integral 
form zS{7r) defined as the Z-subalgebra generated by all divided powers e\"'\ /-^"^ 
{i € I, a ^ 0) and the idempotents 1a (A € Wn). This is finitely generated and 
free over Z, and is integral cellular. Any field k (of arbitrary characteristic) may 
be regarded as a Z-algebra by means of the natural ring homomorphism Z — >■ /c, 
and we define the A;- form kS{7r) to be the algebra k (g)^ (z5'(7r)). This is again 
cellular fc-algebra, and is also quasihereditary. 

The rational form S'(7r) is semisimple, with the cell modules A(A) for A € vr 
comprising a complete set of isomorphism classes of simple modules. There is 
an integral form zA(A) of A(A) defined by applying divided powers of the fi to 
a highest weight vector, and the cell modules fcA(A) for fc5'(vr) are defined by 
fcA(A) = k (^1 (zA(A)). The fcA(A) are in general still highest weight modules 
but they are not always simple anymore, although they do have a unique simple 
quotient module kL{\)- The set of all kL{X) for A S vr provide a complete set of 
isomorphism classes of simple fc»S'(vr)-modules. 
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